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Part A {Short Answer Questions)

Answer any eight guestions.

Weight 1 each.

" y e :
1. Let X be anormed space and gp € X defined by gof ) = f(z). Prove that |jgel| = |2} for every fixed z € X.

2. Let X and Y are normed spaces and (T},) € B(X,Y) such that T), — T uniformly. Prove that (T,)
converges to T' weakly.

3. Define fixed point of a mapping defined on a set (Give an example of a mapping with two fixed points.
4. Define similar matrices. Prove that similar matrices have the same eigenvalies.

5. Define spectrum of a lincar operator T : D(T} — X . where X £ {0} is a complex notmed space and D(T) € X Also, define the

three partitions of the spectrum,
6. Define inverse of anelement ¢ € A where A is an algebra with identity. Show that mmverse of an clement if it exist is snigue.
7. Show that the resolvent p{z) is open, where @ € A and A is a complex Banach algebra with identity,

8. Let {T) be asequence of compact lingar operators from a normed space X into a Banach space ¥ and (Tx) is strongly operator

convergent to T Then show by an example that T nced not be compact.

9. Define self-adicmt linear operator on g Hilbert spuce. Prove that the eigen vecrors corvesponding 1o distmctf esgen valyes of a

bounded self-adjoint finear operator on a complex Hifkeri space are orthogonal.

10. Define orthogonal projection on a Hilbert space. State and prove any two properties of an arthogonal projection.

{8x1=8 weightage)
Part B (Short Essay/Problems)

Answer any six questions.
Weight 2 each.

11. Siate and prove Uniform Bouandedness theorem.
£ w “ e
12, Prove that in a normed space X we have 2p — o if and only il
© e
(A} The sequence {fjzplj) is bounded.

{R) For every element F of a total subset 3 ¢ X7 we have f(an) —+ fle).
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15

16.

17.

18.

19,

20.

21,

22,

e g |

Prove that the eigenvectors 21,22, - - -, @ correspending to distingt cizenvalues A1, A2, « -, An of a linear operator T defined on a
vector space. are linearlv independant.

r
= : - . 14 2
Find the cigenvalues and cipenvectors of the matex % A

L
11 B is a totaily bounded subser of & metdic space X, prove that B contains a finite € - net for everv e > 0.

H T is a compact linear operator on a nonmed space X then prove that for every A 2 0. X can be represented in the form

X = N(T]) @ T{(X).

TetT: H —+ H be a bounded seladjoint linear operatar on a complex Hilbert space H. Prove that |7 = sup [(Tz, @),
=l

ditference P = Po— P is aprojectionon H onto ¥ = ¥o Y}_J-_
(6x2=12 weightage)

Part C {(Essay Type Questions}
Answer any two guestions.

Weight & each.

{a) et X and ¥ be Banach spaces. Let T X — ¥ be a suriective bounded lincar operator. Prove that the image T(Bg) of the open
unit ball Bg= B(0;1) € X contains an open ball abou 0 € ¥V

(b State and prove Bouaded Inverse Theorem.

Let T € B(X, X). where X is a complex Banach space. Then:
(a} Prove that the spectrum of T is closed.

(b)Y Prove that the spectrum of T s compact.

IF T 1 ais a compact linear operator on a normed space X, Prove that for every A # O
at dim N(T) < oo and {0} = N{Ii}) 5 N(T)?) £ J’\f"(Tf} i
by} the range of Tf is closed and X = T/{}(_X} = X Tf[}f) D oeen

Let {Ty) be a sequence of bounded seif-adioint near operators on a complex Hilbert space H such that
METo<--- STy < --- < K where K 15 a bounded self-adjoint lisear operater on . Suppose that any Ty commutes with K
and with every T, Then prove that {T,) s strongly operator convergent and the limit operator T s linear, bounded and self-adjoint
and satisfies T < K.

(2x5=10 weightage)
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